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Abstract
Using van den Dries’s test and Bru¨stle, de la Pen˜a and Skowron´ski’s characterization of tame strongly simply connected algebras
we prove that such algebras of fixed dimension form an open Z-scheme. There is also an open Z-scheme of all strongly simply
connected algebras.
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1. Introduction
The classical result of Gabriel [7] asserts that given a fixed number d the representation-finite d-dimensional
algebras over an algebraically closed field K form a Zariski-open subset in the variety of d-dimensional K -algebras.
The problem if the analogous property holds with respect to tame algebras remains open. It has been observed in [11],
Theorem 2.4, that a positive answer to this question is closely related with the (hypothetical) finite axiomatizability of
the class of tame algebras. Let us also mention another approach to this problem due to Han [8].
Restricting to certain classes of algebras, inside which tame ones form finitely axiomatizable subclasses, allows one
to prove some relative versions of the “tame is open” conjecture. See e.g. the case of quasitilted algebras considered
in Section 5 of [11]. Note that such results depend essentially on the existence of effective criteria for tameness of
algebras from the class considered.
Such a criterion is given for strongly simply connected algebras by Bru¨stle et al. [6]. They prove that if A is a
strongly simply connected algebra over an algebraically closed field then it is tame if and only if the Tits form of A is
weakly nonnegative.
In this paper we prove in Corollary 5.5 that the strongly simply connected algebras and also the tame strongly
simply connected algebras of a fixed dimension over an algebraically closed field K form Zariski-open subsets of the
variety of d-dimensional K -algebras. In fact we prove more: our main results, Theorems 4.2 and 5.4, assert that given
a number d the classes of strongly simply connected and tame strongly simply connected d-dimensional algebras over
algebraically closed fields form open Z-schemes (see Section 2 below and [10, Remark 12.60] for the definitions). The
proof follows the idea of Jensen and Lenzing and uses van den Dries’s test; see Theorem 3.2. Note that this method
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was successfully applied to the class of algebras of finite global dimension [10], the class of representation-directed
algebras [12] and the class of triangular representation-finite algebras [13]. The question of whether all representation-
finite algebras of fixed dimension over algebraically closed fields form an open Z-scheme remains open.
2. Preliminaries
Let AlgK (d) be the variety of the d-dimensional K -algebras (associative, with a unit); see [14]. That is, AlgK (d)
is a subset of K d
3
consisting of the tuples γ = (γi jk)i, j,k=1,...,d such that the multiplication
· : K d × K d −→ K d
defined by
ei · e j =
d∑
k=1
γi jkek, i, j = 1, . . . , d,
is associative and admits a unit. We denote by ei the i th standard basis element of K d .
Let C be a class of algebras over algebraically closed fields which is closed under isomorphisms. For a natural
number d let C(d) denote the class of algebras belonging to C and having the dimension d over the base field. Given
a field K we denote by CK (d) the subset of AlgK (d) consisting of the points corresponding to the algebras belonging
to C.
Following [10] we say that C induces an open Z-scheme in the dimension d provided there exist polynomials
H1, . . . , Hr ∈ Z[X i jl; i, j, l = 1, . . . , d]
such that
CL(d) = {γ ∈ Ld3 : Hi (γ ) 6= 0, i = 1, . . . , r}
for every algebraically closed field L .
Let Q = (Q0, Q1) be a finite quiver with the set of vertices (resp. arrows) Q0 (resp. Q1). Given an arrow α ∈ Q1 let
s(α) and t (α) denote the beginning and the end of α, respectively. By a path in Q we mean a sequence u = α1 . . . αm
of arrows of Q such that t (αi ) = s(αi+1) for i = 1, . . . ,m − 1. Then m is the length of u, s(u) := s(α1) is its
beginning and t (u) := t (αm) is its end. The paths of length 0 are identified with vertices of Q. By an oriented cycle
in Q we mean a path u of positive length with s(u) = t (u). Recall that the quiver Q is called directed if it has no
oriented cycle.
Given a commutative ring V let V Q be the free V -module with the basis consisting of all paths in Q. The path
algebra of Q with the coefficients in V is V Q equipped with the multiplication determined by the composition of the
paths; see [2, Chapter 3].
We denote by V Qk the two-sided ideal generated by all paths of length at least k. Given a vertex i of Q let ei
denote the idempotent of V Q corresponding to i . If I is a two-sided ideal in V Q contained in V Q1 then the coset
ei + I in the quotient algebra V Q/I will be denoted by ei as well.
We say that two paths u, v are parallel in Q if they have a common beginning and common end. An element∑s
i=1 riui , where ri ∈ V and u1, . . . , us are pairwise different parallel paths, is called a relation in V Q. We say that
this relation involves the path ui if ri 6= 0. The relation is admissible if all the paths involved have length at least 2.
Let A be a finite dimensional algebra over an algebraically closed field L . There is a unique (up to an isomorphism)
basic L-algebra BA (called the basic form of A, or the reduced form of A, according to the terminology in [2]) which
is Morita equivalent to A. According to Gabriel’s theorem BA has the form LQA/I A for some quiver QA and a two-
sided ideal I A in the path algebra of QA which is admissible, that is, LQAn ⊆ I A ⊆ LQA2 for some natural n. The
quiver QA is determined uniquely by A and we call it the ordinary quiver of A.
By a module we always mean a right module.
We say that A is triangular if there is no cycle in the category of projective A-modules, that is, there is no sequence
of non-zero non-isomorphisms
P0 −→ P1 −→ · · · −→ Pm
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with m ≥ 1, P0 ∼= Pm and Pi projective indecomposable for i = 0, . . . ,m. It is well known that this condition is
equivalent to the fact that the ordinary quiver of A is directed (see [1,2]).
Let L be a field and A = LQ/I for some directed quiver Q and an admissible ideal I . Let x be a vertex
of Q and denote by Qx the quiver obtained from Q by deleting all vertices preceding x according to the path
order in Q (x is also deleted). The vertex x is called separating if the radical of the indecomposable projective
module ex A decomposes into indecomposable summands M1, . . . ,Mt with supports in different components of Qx ;
see [1, Chap. IX, Sec. 4], [3], [18, 2.3].
The quiver Q′ = (Q′0, Q′1) is a full convex subquiver of Q = (Q0, Q1) if Q′0 ⊆ Q0, Q′1 ⊆ Q1 and every path in
Q having the beginning and the end in Q′0 is a composition of arrows of Q′.
Let B ∼= V Q/I for a commutative ring V and an ideal I of V Q contained in V Q1. A convex subcategory of B is
any algebra of the form V Q′/I ′, where Q′ is a full convex subquiver of Q and I ′ = I ∩ V Q′.
Recall the definition of the Hochschild cohomology. Let V be a commutative ring and consider a V -algebra A.
Recall the Hochschild cochain complex of the V -algebra A with coefficients in A:
C∗(A) : 0 −→ C0(A) d0−→ C1(A) d1−→ . . . ,
where
Cn(A) = HomV (A⊗n, A)
and dn is given by the formula
dn( f )(a0 ⊗ · · · ⊗ an) = a0 f (a1 ⊗ · · · ⊗ an)+
n−1∑
i=0
(−1)i+1 f (a0 ⊗ · · · ⊗ ai−1 ⊗ aiai+1 ⊗ ai+2 ⊗ · · · ⊗ an)
+ (−1)n+1 f (a1 ⊗ · · · ⊗ an−1)an
for f ∈ Cn(A) and a0 ⊗ · · · ⊗ an ∈ A⊗n+1.
The V -module C0(A) is identified with A and d0(a)(b) = ab − ba for a, b ∈ A.
The V -module of i th Hochschild cohomology of A with the coefficients in A is by the definition
H i (A) = H i (C∗(A)) = Ker di/Im di−1.
Following [18, 4.1] one can define strongly simply connected algebras (not necessarily basic) as those algebras A
which are triangular and H1(C) = 0 for every convex subcategory C of the basic form BA of A.
Assume that if L is a field, A is a finite dimensional triangular L-algebra and S1, . . . , Sn are representatives of all
isomorphism classes of the simple A-modules. According to [4] the Tits quadratic form qA : Zn −→ Z of A can be
defined as follows:





(−1)l zi z j dim
L
ExtlA(Si , S j ).
In the case when A is not necessarily triangular but has finite global dimension the Euler characteristic χA : Zn −→ Z
can also be defined:





(−1)l zi z j dim
L
ExtlA(Si , S j ).
Recall that a finite dimensional algebra A over an algebraically closed field K is of tame representation type
provided for every numberm there exists a finite family N1, . . . , Nr of K [t]-A-bimodules that are free of rankm as left
K [t]-modules and such that every indecomposable m-dimensional A-module is isomorphic to K [t]/(t − λ)⊗K [t] Ni
for suitable i ≤ r and λ ∈ K (see [17, Chapter 14]).
Let L be the first-order language having countably many variables, two two-argument function symbols + and ·
and two constants 0, 1. We think about L as a language of the first-order theory of fields or rings with identity. Denote
by A the two-sorted first-order language of algebras over fields (see [10]), that is, the disjoint union L1
∐
L2 of two
copies of L equipped with another function symbol ·. The terms from L1 (resp. L2) are called terms of the first (resp.
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second) sort. The new function symbol associates with a pair of elements of the first and the second sort an element
of the second sort. The language A has the usual logical connectives: ∧, ∨, ¬,→ and allows quantifiers on both sorts
of variables.
By a model for this language we mean a pair (K , A), where K and A are models for L1 and L2 respectively and
the new function symbol is interpreted as a function
· : K × A −→ A.
It is clear that if K is a field and A is a K -algebra with identity then the obvious interpretation of the symbols of
the language A allows us to treat the pair (K , A) as a model for A.
Fix a natural number d and let Alg(d) be the class of all models (K , A) for A such that K is an algebraically closed
field and A is a d-dimensional associative K -algebra with identity; see [10,11].
In what follows we denote by SSC (resp. T SSC) the class of strongly simply connected (resp. tame strongly
simply connected) algebras over algebraically closed fields.
Lemma 2.1. For every natural d the classes SSC(d) and T SSC(d) are finitely axiomatizable subclasses of Alg(d).
Proof. For the proof of finite axiomatizability of SSC(d) observe first that it is possible to write a first-order sentence
τ asserting that an algebra of dimension d is triangular.
Secondly, for a set E of idempotents of A let ∼ be the equivalence relation defined as follows: e ∼ e′ if and only if
eA ∼= e′A, as A-modules.
Given d ′ ≤ d and S ⊆ {1, . . . , d ′} there is a first-order formula ψd ′,S(γ ) with the sequence of variables
γ = (γi jk)i, j,k=1,...,d ′ such that (K , A) |H ψd ′,S(γ ) if and only if γ is the system of structure constants of the
basic form BA = KQA/I A of A with respect to a basis (a1, . . . , ad ′) consisting of I A-cosets of paths in QA and such
that (ax )x∈S is a basis of a convex subcategory of BA.
Observe that if the above condition is satisfied then γS = (γi jk)i, j,k∈S is a system of structure constants of the
convex subcategory determined by S.
The formula ψd ′,S asserts that there exist:
1. a directed quiver Q,
2. a set Ω of admissible relations in KQ (here quantification over variables from K is involved),
3. a full convex subquiver Q′ of Q,
4. a set U = {u1, . . . , ud ′} of paths in Q
such that
1. the (Ω)-cosets u1, . . . , ud ′ of paths from U form a K -basis of KQ/(Ω) and γ is the system of structure constants
with respect to this basis,
2. {us : s ∈ S} is the set of exactly those elements of U which are paths in Q′,
3. KQ/(Ω) is Morita equivalent to A, that is, there exists a complete set E of primitive pairwise orthogonal
idempotents of A and a set E ′ of representatives of the ∼-equivalence classes in E such that
KQ/(Ω) ∼= e′Ae′,
where e′ is the sum of the elements of E ′.
It is important for this construction that:
(i) there is only finitely many quivers (up to an isomorphism), which can occur as ordinary quivers of algebras of a
fixed dimension,
(ii) if Q is directed then an ideal I in KQ is admissible if and only if I ⊆ KQ2.
Let us remark that the existence of Q is not postulated by a quantifier in ψd ′,S : the formula is arranged as an
alternative of finitely many formulas corresponding to particular quivers Q. The same can be said about Q′ and U .
Further, let ξ|S|(γ ′) be a formula with variables γ ′ = (γ ′i jk)i, j,k∈S expressing the property that if A′ is an |S|-
dimensional algebra, with the system γ ′ of structure constants, then H1(A′) = 0.
Now it is clear that the sentences
∀γ [ψd ′,S(γ ) → ξ|S|(γS)],
where d ′ ≤ d , S ⊆ {1, . . . , d ′}, together with the sentence τ , form a set of axioms for SSC(d).
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In order to axiomatize T SSC(d) we use the result of Bru¨stle et al. [6] asserting that a strongly simply connected
algebra is tame if and only if its Tits quadratic form is weakly nonnegative. To show that the latter condition is finitely
axiomatizable, note that there are only finitely many quadratic forms (with variables in a fixed set {z1, . . . , zd})
which are Tits forms of d-dimensional algebras. Then given such a form q we can write a first-order sentence
which is satisfied in a d-dimensional K -algebra A if and only if q is the Tits form of A (up to a permutation of
variables). Indeed, given natural numbers n, l and a system of nonnegative integers (ai j )i, j=1,...,n there is a first-order
sentence expressing the following property of a d-dimensional K -algebra A: there are representatives S1, . . . , Sn of
all isomorphism classes of simple A-modules such that dimK Extl(Si , S j ) = ai j for all i, j = 1, . . . , n. Compare the
proof of Lemma 5.1 in [11]. 
Corollary 2.2. Let K ⊆ K˜ be two algebraically closed fields. If A is a finite dimensional K -algebra then it is strongly
simply connected (resp. tame and strongly simply connected) if and only if the K˜ -algebra A⊗K K˜ is strongly simply
connected (resp. tame and strongly simply connected).
Proof. It follows from Lemma 2.1 since K and K˜ , being algebraically closed of equal characteristic, are elementary
equivalent; see e.g [10, Theorem 12.4]. One can also use the argument from [9], that axiomatizable classes of algebras
are closed under MacLane separable base field extensions. The extension K ⊆ K˜ is MacLane separable, because both
fields are algebraically closed. 
3. Application of van den Dries’s test
Let v be a valuation of a field K . Denote by V the corresponding valuation ring, bym its unique maximal ideal and
by R = V/m the residue field. Let λ denote λ+m for λ ∈ V . Given a V -module X we denote by X (K ) the K -vector
space X ⊗V K and by X the R-vector space X ⊗V R ∼= X/mX .
Recall that a valuation v (or the corresponding valuation ring V ) is called maximally complete if v cannot be
extended to a field extension L of K with the same value group and the same residue field.
Assume that A is an order over V , that is, A is a V -algebra free and finitely generated as a V -module. If V is
maximally complete then idempotents can be lifted modulo the Jacobson radical rad(A) of A and modulo mA, [10,
Theorem 12.28].
Recall from [13] some relevant facts. It follows by [16, Corollary 6, Proposition 6] that there exists a valued field
extension (K˜ , v˜) of (K , v) which is maximally complete and where the embedding K ↪→ K˜ induces an isomorphism
of the residue fields. Moreover, the field K˜ is algebraically closed provided that K is so.
Assume that (K˜ , v˜) is a maximally complete valued field extension of (K , v). Let V˜ be the valuation ring
corresponding to the valuation v˜ and m˜ be its maximal ideal. Denote by A˜ the V˜ -order A⊗V V˜ . Observe that
A˜/m˜ A˜ ∼= A, as R-algebras. Given a V -order B we set B(K˜ ) = B⊗V K˜ ∼= B(K )⊗K K˜ .
Lemma 3.1 ([13, Lemma 2.3].). Let A be a V -order. Assume that A is triangular. There exists an idempotent e ∈ A˜
such that
(i) The V˜ -order B := e A˜e is isomorphic to V˜ Q/J for some directed quiver Q and a two-sided ideal J of V˜ Q
contained in V˜ Q1.
(ii) The R-algebra RQ/J ∼= B is basic and Morita equivalent to A.
(iii) The K˜ -algebra B(K˜ ) ∼= K˜ Q/K˜ J is basic and Morita equivalent to A(K˜ ) and A(K˜ ) is triangular.
In the above lemma J denotes the image of J under the natural surjection V˜ Q −→ RQ. It is clear that without
loss of generality we can assume that the ideal J in (i) satisfies the following conditions: if
∑s
i=1 riui ∈ J , where
u1, . . . , us are parallel pairwise different paths in Q and u1 is an arrow, then r1 ∈ m (otherwise we can delete the
arrow u1 from Q). In this case the ordinary quiver of B coincides with Q and the ordinary quiver of B(K ) has the
same set of vertices and it is obtained from Q by deleting some arrows.
Theorem 3.2. Assume that C is a class of algebras consisting of triangular algebras which is closed under Morita
equivalence. Moreover, for every d the class C(d) is finitely axiomatizable. The following conditions are equivalent.
440 S. Kasjan / Journal of Pure and Applied Algebra 208 (2007) 435–443
(1) The class C induces open Z-schemes in all dimensions d.
(2) Assume that A = V Q/J is a V -order, where Q is directed and J is a two-sided ideal of V Q contained in V Q1.
If A ∈ C then A(K ) ∈ C.
(3) Assume that A = V Q/J is a V -order, where V is maximally complete, Q is directed and J is a two-sided ideal
of V Q contained in V Q1. If A ∈ C then A(K ) ∈ C.
Proof. Recall that van den Dries’s theorem [20], [10, Theorem 12.6, Corollary 12.8], asserts that a class C satisfying
our assumptions induces an open Z-scheme in each dimension d if and only if for any valuation ring V in any
algebraically closed field K with the residue field R and any V -order A, the K -algebra A(K ) belongs to C provided
A ∈ C. Therefore the implications (1) ⇒ (2) ⇒ (3) follow. Assume (3) holds and let A be a V -order. Let V˜ be a
maximally complete valued field extension of V ; denote its field of fractions by K˜ . Let B = e A˜e ∼= V˜ Q/J be as in
Lemma 3.1. Since B is Morita equivalent to A it follows that B ∈ C. Thus B(K˜ ) ∈ C. Now B(K˜ ) is Morita equivalent
to A(K˜ ) and therefore A(K˜ ) ∈ C. Thus, as in Corollary 2.2 we get A(K ) ∈ C and the proof is finished. 
If A = V Q/J is as above we shall denote by K J the ideal of KQ generated by J and by J the image of J under
the natural surjection V Q −→ RQ. Note that A(K ) ∼= KQ/K J and A ∼= RQ/J .
4. The class of strongly simply connected algebras
Lemma 4.1. Let V be a valuation ring in a field K . Denote by R the residue field of V . Assume that A is a V -order.
Then
(i)
Hn(A(K )) ∼= Hn(A)⊗V K
and
(ii)
Hn(A) ∼= (Hn(A)⊗V R)⊕ TorV1 (Hn+1(A), R).
In particular for every n: if Hn(A) = 0 then Hn(A(K )) = 0.
Proof. Observe that there are natural isomorphisms of Hochschild complexes
C∗(A)⊗V K ∼= C∗(A(K ))
over K and
C∗(A)⊗V R ∼= C∗(A)
over R. Since all V -modules appearing in C∗(A) are free and finitely generated and a finitely generated torsion-
free module over a valuation ring is free, we can use the Universal Coefficient Formula (see e.g. [5, Section 4.7,
Corollary 3]) to obtain
Hn(A(K )) ∼= (Hn(A)⊗V K )⊕ TorV1 (Hn+1(A), K )
and (ii):
Hn(A) ∼= (Hn(A)⊗V R)⊕ TorV1 (Hn+1(A), R).
Since K is a flat V -module, (i) follows.
Now if Hn(A) = 0 then Hn(A) = 0 and hence Hn(A(K )) = 0. 
Now we can prove the first of our main results.
Theorem 4.2. (1) Let V be a valuation ring in an algebraically closed field K . Denote by R the residue field of V .
Assume that A is a V -order such that the R-algebra A is strongly simply connected. Then A(K ) is strongly simply
connected.
(2) The class SSC induces an open Z-scheme in every dimension.
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Proof. By Corollary 2.2 and remarks at the beginning of this section we can assume that V is maximally complete.
Moreover, since A is triangular, without loss of generality we can assume that A = V Q/J for a directed quiver Q
and an ideal J of V Q contained in V Q1 (Lemma 3.1). Note that any convex subcategory C of A(K ) is isomorphic to
B(K ) for an order B = eAe, where e is an idempotent of A, and B is a full convex subcategory of A. Therefore (1)
follows from Lemma 4.1. The assertion (2) is a consequence of (1), Lemma 2.1 and Theorem 3.2. 
5. The class of tame strongly simply connected algebras
Let us call a connected, directed quiver Q a bunch if Q has a unique source x and a unique sink y and every arrow
of Q belongs to exactly one path from x to y.
In this section we deal with tame strongly simply connected algebras, which are characterized in [6] by weak
nonnegativity of the Tits form. First we analyse some properties of hypercritical algebras listed in [19].
Lemma 5.1. Let L be an algebraically closed field. Assume that C = LQC/IC is a hypercritical algebra from the
list in [19], where IC is an admissible ideal. There exist a number r ≤ 4 and pairwise different convex subcategories
B(l) ∼= LQB(l)/I B(l), l = 1, . . . , r , of C such that:
(1) Each QB(l) is a full convex subquiver of QC which is a bunch; let u1l , . . . , u
rl
l denote the paths of maximal length
in QB(l) (rl = 1 is allowed).




l , l ≤ r . This is a minimal set of generators.






l , l ≤ r , such that for any l ≤ r there exists i with λil 6= 0.
Then dimL LQC/J = dimL C.
Moreover, C is isomorphic to LQC/J as an L-category if and only if λil 6= 0 for any l and i .
Proof. It follows by case by case inspection of the frames listed in [19].
Lemma 5.2. Suppose that L is an algebraically closed field and Q is a bunch with the source x and the sink y.
(1) Let u1, . . . , us be all paths from x to y in Q and ω = ∑s−1i=1 λiui 6= 0 for some λ1, . . . , λs−1 ∈ L. Then the
algebra LQ/(ω) is not strongly simply connected.
(2) Assume that there is an arrow from x to y and at least one more path from x to y in Q. Let I be an admissible
ideal in LQ. Then the algebra K Q/I is not strongly simply connected.
Proof. It is easy to observe that in the both cases the vertex x is not separating. Then the assertion follows by [18,
Lemma 3.2]. 
Corollary 5.3. Assume that A = V Q/J is a V -order with J ⊆ V Q1, A is strongly simply connected and there is a
convex subcategory C of A such that C (K ) is isomorphic to a hypercritical algebra. Then the convex subcategory C
of A is isomorphic to a hypercritical algebra, and therefore A is wild.
Proof. Without loss of generality we can assume that C = A, the ordinary quiver of C , coincides with Q and the
ordinary quiver of C (K ) has the same set of vertices and it is obtained from Q by deleting some arrows; see the
remark after Lemma 3.1. Moreover, if α is such an arrow then there is at least one path u 6= α parallel to α in the
quiver Q. Then the minimal convex subcategory of C containing s(α) and t (α) is not strongly simply connected by
Lemma 5.2(2) and consequently C is not strongly simply connected, a contradiction. Therefore the ordinary quivers
of C and C (K ) coincide with Q. Thus Q is one of the quivers listed in [19] and the ideal K J of KQ has a minimal







l , l ≤ r
}
with all λil ’s nonzero; we keep the notation from Lemma 5.1. Without loss of generality we can assume that λ
i
l ∈ V
for any l, i and that for every l there exists i such that λil is invertible in V . Since V Q/J is torsion-free it follows that





KQ/K J = dim
R
RQ/(Ω),
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where Ω = {∑rli=1 λiluil , l ≤ r}. Thus Ω generates J as an ideal. By Lemma 5.2(1) all the coefficients λil are invertible
in V and therefore C ∼= RQ/J is isomorphic to a hypercritical algebra by Lemma 5.1. 
Theorem 5.4. (1) Let A = V Q/J be a V -order with J ⊆ V Q1 and such that A is strongly simply connected and
tame. Then A(K ) is strongly simply connected and tame.
(2) The class T SSC induces an open Z-scheme in every dimension.
Proof. (1) In view of Theorem 4.2 it is enough to prove that A(K ) is tame. Suppose the contrary; then by Corollary 1
in [6] (see [15]) it follows that A(K ) has a convex subcategory from the list of hypercritical algebras in [19]. By
Corollary 5.3 also A has such a convex subcategory and therefore it is wild.
The statement (2) is a consequence of (1), Lemma 2.1 and Theorem 3.2. 
The following corollary is an immediate consequence of Theorem 5.4.
Corollary 5.5. Let K be an algebraically closed field. The sets SSCK (d) and T SSCK (d) consisting of the points
of the variety AlgK (d) corresponding to the strongly simply connected and to the tame strongly simply connected
algebras, respectively, are Zariski-open.
Remark 5.6. Let W be the set of points of AlgK (d) corresponding to the strongly simply connected wild algebras.
Then the Zariski-closure of W consists of points corresponding to wild algebras. This follows from (the proof of)
Theorem 1 in [8]; see also [11, Lemma 3.1, Corollary 3.2].
Remark 5.7. Assume that A = V Q/J is a V -order, where Q is directed and J is a two-sided ideal of V Q contained
in V Q1. The Euler characteristics of A and A(K ) are equal.
Indeed, since every finitely generated V -torsion module T is a sum of cyclic ones it follows that
dim
R
(T ⊗V R) = dim
R
TorV1 (T, R).
Let S1, . . . , Sn be the rank-one A-lattices corresponding to the vertices of Q. Then S
(K )
i (resp. Si ), i = 1, . . . , n, form
a complete set of representatives of isomorphism classes of simple A(K )-modules (resp. A-modules). The V -module
ExtlA(Si , S j ) decomposes into a direct sum of a free V -module F
l
i j and a torsion V -module T
l
i j . Let f
l
i j be the V -rank
of F li j and t
l
i j = dimR T
l
i j . Note that t
0







(Si , S j ) =
∞∑
l=0
(−1)l( f li j + t li j + t l+1i j ) =
∞∑
l=0











We expect that the same is true with respect to the Tits form when A is strongly simply connected.
The following assertion is a refinement of [10, Lemma 12.21, Proposition 12.25].
Lemma 5.8. Let M, N be A-lattices. Then
Exti
A
(M, N ) ∼= (ExtiA(M, N )⊗V R)⊕ TorV1 (Exti+1A (M, N ), R)
and
ExtiA(K )(M
(K ), N (K )) ∼= ExtiA(M, N )⊗V K
for i ≥ 0.
Proof. Let P∗(N ) be a projective resolution of the A-lattice N . Then the application of the functors (−)(K ) and (−)
yields projective resolutions of the A(K )-module N (K ) and of the A-module N respectively. Using standard arguments
we show that there are isomorphisms of complexes
HomA(P∗(N ),M)⊗V K ∼= HomA(K )(P∗(N )(K ),M (K ))
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and
HomA(P∗(N ),M)⊗V R ∼= HomA(P∗(N ),M).
Now the lemma follows from the Universal Coefficient Formula [5, Section 4.7, Corollary 3], as in the proof of
Lemma 4.1, and the flatness of the V -module K . 
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